Relativistic flying mirrors in plasmas are realized as thin dense electron (or electron-ion) layers accelerated by high-intensity electromagnetic waves to velocities close to the speed of light in vacuum. The reflection of an electromagnetic wave from the relativistic mirror results in its energy and frequency changing. In a counter-propagation configuration, the frequency of the reflected wave is multiplied by the factor proportional to the Lorentz factor squared. This scientific area promises the development of sources of ultrashort X-ray pulses in the attosecond range. The expected intensity will reach the level at which the effects predicted by nonlinear quantum electrodynamics start to play a key role.
I. INTRODUCTION
Sources of electromagnetic radiation with wavelengths in the range from microwave to X-ray and gamma-ray are required for a wide variety of problems in fundamental and applied physics.
One of the approaches to realize compact sources of hard electromagnetic radiation with controllable parameters is based on the relativistic mirror concept. Within the framework of this concept an electromagnetic wave reflected from a counter-propagating relativistic mirror is compressed in the longitudinal direction and its carrier frequency is upshifted [1] (see also the review [2] and the literature cited therein).
The question on realization of relativistic mirrors under laboratory conditions has been raised repeatedly over a number of years. In this regard emerges a question on whether or not it is possible to prepare the relativistic mirror of high enough quality for efficient reflection of the light, which can move with substantially large velocity for providing significantly high frequency increase up to the level corresponding to the photon energy in the X-ray range. The answer can be found using the knowledge in the physics of nonlinear processes in relativistic laser plasmas.
One of the ways towards achieving the higher frequency and intensity is based on the simultaneous laser frequency upshifting and pulse compression. It was demonstrated within the relativistic flying mirror (RFM) concept, which uses the laser pulse compression, frequency up-shift, and focusing by counter-propagating thin electron shells [2, 3] . The results of corresponding proof-of-principle experiments are presented in Refs. [4] [5] [6] and in Section VI below.
The RFM concept requires substantially high intensity laser radiation interaction with matter. Recent progress in laser technology has lead to a dramatic increase of laser power and intensity, opening new fields of regimes of lasermatter interaction [7] [8] [9] [10] [11] . At intensities greater than 10 18 W/cm 2 , the electron quiver energy exceeds its rest mass energy. Under these conditions the laser matter interaction can be described by the electrodynamics of continuous media. In the near future the radiation of ultrashort pulse high power lasers may reach the intensity of 10 24 W/cm 2 and higher [12] . In this limit protons also become relativistic, while the electron motion becomes strongly dissipative due to its intense hard radiation emission, so that the interaction should be described within the framework of quantum electrodynamics (QED).
In the relativistic regime of the interaction of a high intensity electromagnetic wave with plasmas the nonlinear character of this interaction results in the formation of electron density modulations, including dense electron bunches and/or thin electron layers moving with relativistic velocity. An interaction of the same or another electromagnetic wave with these relativistic objects can be reduced to the wave reflection from relativistic mirrors, which is accompanied by the relativistic frequency shift and change of the reflected wave amplitude. This is the mechanism of the wave intensification and frequency upshifting, including high order harmonics generation, in relativistic collisionless plasma. This underlies the relativistic oscillating mirror concept [13] and the generation of electromagnetic attosecond pulses [14, 15] . The robustness of this mechanism allowed the experimental demonstration of attosecond phase locking of harmonics emitted from laser produced plasmas [16] . The light frequency up-shifting and intensification have been discussed in the problem of a laser interaction with solid density targets, which revealed attosecond pulse and high order harmonics generation [14, 15, 17, 18] .
We notice a principal difference between two physical situations. One is the electromagnetic wave scattering by a single relativistic electron, which corresponds to Thomson or, in the quantum limit, to Compton scattering. Another is the wave reflection by a dense enough electron layer moving with relativistic velocity. In both cases the maximum frequency upshift is the same being proportional to the square of the electron's Lorentz factor. However, the number of the emitted photons differs. While in the first case the scattered light intensity is linearly proportional to the number of electrons, in the second case the reflected light intensity is quadratically proportional to that number. In addition, in the first case the scattered radiation is incoherent, and in the second case the reflected light is coherent.
These properties are of paramount importance for developing electromagnetic radiation sources capable of providing the wave intensity approaching the quantum electrodynamics limits [3] .
Nowadays there is a demand to understand the cooperative behavior of relativistic quantum systems. It was understood that the vacuum probing becomes possible by using high power lasers [7] [8] [9] [10] . With the achievable laser intensity increasing at future facilities [12] , we shall encounter novel physical processes such as the radiation reaction dominated regimes and then QED processes. In a micron focal spot, the laser light can generate electron-positron pairs from vacuum at intensity two orders of magnitude below [19] the threshold corresponding to the QED critical electric field, 10 29 W/cm 2 , [20] [21] [22] [23] . In this case vacuum begins to act nonlinearly, its refractive index becomes nonlinearly dependent on the electromagnetic field strength [24] . In quantum field theory, particle creation from vacuum has attracted a great deal of attention, because it provides a typical example of non-perturbative processes [23, 25] in quantum field theory.
Relativistic flying mirrors formed by the laser-driven plasma waves can be used [2] to achieve an electromagnetic wave intensification towards reaching the critical field of QED. Nonlinear QED vacuum properties can be probed in the future with such strong and powerful electromagnetic pulses.
As regards to other applications, the electromagnetic field intensification and the frequency upshift are attractive for research on the development of sources of radiation with tunable parameters. The ultimate goal of these studies is the development of a compact source of high-intensity X-ray radiation, which is required by a broad range of applications, from molecular imaging [26] , which is of high interest for medicine and biology, to the diagnostics of thermonuclear plasmas and experiments on laboratory astrophysics [11, [27] [28] [29] . We note here the interest towards accelerated relativistic mirrors (see Refs. [30] [31] [32] ) in the context of studying at the terrestrial laboratory conditions the Unruh and Hawking effects [33] . The present review article focuses on the analytical theory of nonlinear interactions of intense electromagnetic waves with relativistic plasmas related to the RFM concept. The experimental results demonstrating the RFM concept in the high intensity laser interaction with plasmas and corresponding computer simulations can be found in the review articles [2, 7, 8, 11, 17] Change of the frequency and amplitude of an electromagnetic wave reflected by moving mirror occurs due to the double Doppler effect. The corresponding theory of the light reflection from the mirror moving in vacuum with arbitrary (subluminal) velocity was formulated by A. Einstein in his paper on the special theory of relativity [1] . It presents a classical example of the application of the Lorentz transformation formalism for solving the problems of classical electrodynamics. The consideration of photon interaction with relativistic mirrors is of great interest to quantum field theory too [30, 31] .
The process of the electromagnetic wave reflection from a relativistic mirror is characterized by several remarkable features. The reflected wave frequency depends on the incidence angle and the mirror velocity. We consider reflection and refraction of the plane monochromatic wave with the frequency ω 0 and wave vector k 0 due to the plasma slab with the electron density n e,2 moving with the velocity cβ M along the x-axis, as illustrated in Fig. 1 .
In the boosted frame of reference, M, where the mirror is at rest (Fig. 1 b) , the wave reflection and refraction are described by Snell's law, i. e. the incidence and reflection angles are equal to each other, θ i = θ r , and the refraction angle is given by equation sin θ t / sin θ i = n 1 /n 2 , where n 1 and n 2 are the refraction indices in media 1 and 2.
Assuming that media 1 and 2 are plasma regions with the electron density n e,1 and n e,2 , respectively, we obtain
where ω is the wave frequency in the boosted frame of reference and ω pe,1,2 = 4πn e,(1,2) e 2 /m e . In this frame of reference the wave frequency and the wave number are given by
with γ M = 1/ 1 − β 2 M being the mirror relativistic Lorentz factor. As a result of the wave reflection the x component of the wave vector changes sign (Fig. 1 b) . By performing the Lorentz transformation to the laboratory frame of reference, L, we can find the frequency and wave vector of the reflected wave. Taking into account that sin θ i = k 0,y /k 0 , sin θ r = k 0,y /k r and using relationships (2), we obtain
Here ω 0 and ω r are the frequencies of the incident and reflected waves, respectively. The reflection angle θ r is related to the wave incidence angle θ i as
If the reflection coefficient is equal to unity, as for the ideally reflecting mirror, then during the wave-mirror interaction the ratio of the amplitude of the electric field to its frequency is constant:
FIG. 1: a) Reflection and refraction of the electromagnetic wave at a plasma slab moving with the velocity cβM along the x-axis. 1 and 2 denote plasma regions with the density equal to n1 and n2, respectively. Incident, reflected, and transmitted waves in a) the laboratory frame of reference L; b) the mirror rest frame of reference, M.
FIG. 2:
Reflection of an electromagnetic wave at a semi-transparent relativistic mirror. The mirror moves with a constant velocity cβM . The world lines corresponding to the light pulses in vacuum are given by t = ±x/c+constant.
Depending on whether the wave and mirror are co-propagating (β M < 0) or counter-propagating (β M > 0) in the laboratory frame of reference we have either the frequency downshift or the upshift, the stretching or the compression of the electromagnetic pulse, and decreasing or increasing of the wave amplitude. In the most simple configuration of the wave propagating in vacuum (i.e. ω pe,1 = 0) normally incident on the mirror (θ i = 0), expression (3) yields
In the ultrarelativistic limit, when γ M 1, the reflected wave frequency is higher (lower) by a factor ≈ 4γ The results obtained can be qualitatively (and quantitatively) explained by considering the light pulse kinematics illustrated by the simple picture in Fig. 2 . It shows in the plane (t, x) the light reflection at the relativistic mirror. The mirror position is given by the line t = x/β M c. The world lines corresponding to the incident, reflected and transmitted light pulses are straight lines given by t = ±x/c+constant. With the help of elementary geometry we find that the width of the reflected pulse δt r is related to the incident pulse width δt 0 as δt r = δt i (1 − β M )/(1 + β M ) in accordance with expression (6).
B. Light Reflection at the Receding Mirror and Ion acceleration by the Radiation Pressure
The light interaction with a co-propagating plasma slab corresponds to the reflection off a receding mirror. It results in the frequency down-shift and the energy decrease of the reflected radiation. The frequency decreases by a factor (1 + β M )/(1 − β M ), Eq. (6), which in the limit β M → 1 approximately equals 4γ 2 M . The energy of the reflected electromagnetic pulse becomes equal to E las (1 − β M )/(1 + β M ), where E las is the energy of the laser pulse incident on the mirror. As a result, the energy transferred to the target is given by 2E las β M /(1 + β M ). This process corresponds to the ion acceleration by the radiation pressure of the laser light [34] [35] [36] . As we see, in the limit γ M 1 almost all the energy of the laser pulse is transferred to the accelerated ions [35] .
In general case, the energy of the accelerated ions E p (here we assume that the ions are protons) is determined by the laser energy E las and by the total number of the ions in the region of target irradiated by the laser pulse, N tot :
In the non-relativistic ion energy limit we obtain the scaling: E p = 400 × (10 11 /N tot ) 2 (E las /10 J) 2 MeV. There are first indications of the ion acceleration by laser radiation pressure obtained in experiments on the laser interaction with thin foil targets [37] [38] [39] .
In the case of the incident/reflected light pulse propagating in a continuous medium, the light reflection at the moving mirror acquires other properties including the parametric Doppler effect and the effects of finite group velocity of the electromagnetic pulse (e.g. see review article [2] and the literature cited therein). This, in particular, becomes important in the case of the ion acceleration by the radiation pressure [35] of "slow" light [40] [41] [42] , which may be of special interest in the so called double-sided relativistic mirror configuration [43] . The changing group velocity medium through which the incident laser pulse propagates can be a preplasma corona formed due to the finite contrast of the laser pulse as discussed in Ref. [44] .
If medium, through which the wave propagates, moves one should also take into account the Fizeau effect -the light dragging along by the medium [45] . According to definition of the group velocity of the electromagnetic wave, v g = ∂ k ω, we have the relationships
The mirror coordinate at time t is determined by equation M(x, t) =const, so that the mirror is located in the point x = x M (t), Fig. 3 a) .
We assume that the boundary condition for the field at the mirror is reduced to the Dirichlet condition
This boundary condition is given at the non-stationary surface. Following Ref. [31] , we change the independent variables (t, x) to new variables (τ, ξ), for which the mirror is at the rest and the equation (13) remains the wave equation for A(ξ, τ ). At first, it is convenient to introduce the advanced and retarded coordinates (u, v):
In these coordinates Eq. (13) takes the form
In coordinates (ū,v), determined by u = f (ū) and v = g(v), equation (16) preserves its form except for a factor f g : ∂ūvA = 0.
In new spatial and time coordinates, (ξ, τ ), defined as
equation (13) is
We choose the functions f (τ − ξ/c) and g(τ + ξ/c) to be such that the mirror is at rest at ξ = 0, which implies the equation for the functions f and g,
transforming the boundary condition (14) to
We may choose the function g(v) to be equal to g(v) =v. This leads to the functional equation for f :
Solution to the boundary problem for Eq. (18) with the boundary condition (20) is
In the coordinates (t, x) it can be written as
Here variables u and v are defined by Eq. (15) and the function ψ r (u) is the phase of the reflected wave (the ratio ψ r (u)/ω 0 is the inverse function to f (u)). Using Eq. (21) we obtain that the phase , ψ r (u), is given by
where we have introduced the frequency of the reflected wave ω r (u) related to the phase ψ r (u). Here t(u) should be found from the equation
in other words, it can be obtained by finding the position of the light ray intersection with the world line of the mirror in the (t, x) plane. Here x M (t(u)) is the intersection point coordinate, see Fig. 3 a). Differentiating the expression for the phase ψ r (u) with respect to time, we find
where β M (u) = dx M (t(u))/cdt is the mirror velocity normalized by c. The derivative of the phase with respect to variable u determined by Eq. (24) is nothing more than the frequency of the reflected wave, ω r . When the mirror moves with uniform acceleration, w M , a dependence of its coordinate on time is given by the relationship [45] 
In this case the frequency of light reflected from the uniformly accelerated mirror in the limit t → ∞ grows proportionally to the square of the time for positive acceleration, w M > 0, and decreases inversely proportional to the square of the time for negative acceleration w M < 0:
The amplitude of the reflected wave increases (decreases) in a similar way.
III. THIN ELECTRON LAYER AS A RELATIVISTIC MIRROR
The interaction of a sufficiently wide electromagnetic pulse with a thin foil, in the case where the ponderomotive force of the pulse significantly exceeds the force caused by the electric field, which occurs due to electric charge separation, can result in the formation of a dense electron layer moving in the direction of electromagnetic wave propagation. The second counter-propagating electromagnetic pulse is partialy reflected from a thin electron layer, which, due to the above-mentioned double Doppler effect, should lead to the compression of the reflected pulse and to its frequency upshift [47] . This scheme has attracted recently significant attention both in theoretical work [48] [49] [50] [51] [52] and in experiment [53] .
As a simple model of the acceleration of a thin electron layer by a laser pulse, we use the known exact solution of the equations of motion of a charged particle in the field of a plane electromagnetic wave [45] . For the velocity of the electron layer motion along the x-axis it yields
with u = t − x/c. The layer coordinate is defined by implicit equations given in Ref. [45] . For a circularly polarized wave, for example, with a constant dimensionless amplitude a 0 , we obtain
where x 0 is the layer coordinate value at the instant of arrival of the laser pulse, t 0 = x 0 /c. Using the expression for the electron velocity in Eq. (29), we find the corresponding gamma-factor of the relativistic mirror:
It can be seen that in the limit of a large-amplitude electromagnetic wave, when |a ⊥ (u)| 1, the gamma-factor is proportional to the first power of |a ⊥ (u)|.
A. Light Reflection at the Oscillating Mirror
When an electromagnetic wave reflects from an oscillating mirror, its frequency spectrum extends to the high frequency range and the wave breaks up to short wave packets, as shown in Fig. 3 The relativistic oscillation mirror (ROM) concept has been proposed in Ref. [13] as a mechanism of high order harmonic generation when an overdense plasma is irradiated by relativistically intense laser radiation. High frequency radiation generation has been demonstrated in experiments with multi-terawatt lasers, see review article [17] , literature cited therein and discussions of alternative mechanisms.
As an illustration of this process we consider a thin electron layer oscillating under the action of a linearly polarized electromagnetic wave of the frequency Ω. The wave's electric field is parallel to the y axis: E y = E 0 cos(Ωv) with v = t + x/c. The second electromagnetic wave with the amplitude a i is reflected from the electron layer as from the mirror. In order to describe the electron layer motion we use here the results of an exact solution of the problem on the electric charge dynamics in the field of an electromagnetic wave [45] , which yield the parametric dependences of the charge coordinates and momentum components on time in the frame of reference where the charge is on average at the rest:
Here the coordinates and time are normalized by c/Ω and Ω −1 , respectively, η = Ωv, the momentum is measured in units of m e c, the normalized amplitude of the wave equals a 0 = eE 0 /m e Ωc. The incident wave has a constant amplitude.
FIG. 4:
The instantaneous distribution of photons reflected by an oscillating mirror in the (x, y) plane, for an obliquely incident wave. The photons with the upshifted frequency propagate closer to the mirror normal direction, while low frequency photons are emitted at a grazing angle with respect to the mirror plane.
Now we can calculate the phase and frequency of the reflected wave and find the electric field
This is shown in Figs. 3 b) , c), and d) for Ω = ω 0 /2, Ω = ω 0 , and Ω = 2ω 0 , respectively, where the mirror oscillation amplitude is characterized by a 0 = 15. The reflected radiation has the form of a sequence of wave packets with the frequency in the limit a 0 1 approximately equal to ω 0 a 2 0 /2 and with the wave packet duration ≈ 2π/Ωa 0 . Here we assume that the second wave propagates in the direction opposite to that of the wave which drives the mirror oscillations. If the second wave and the wave driving the mirror oscillations propagate in the same direction then the electric field in the reflected wave has a form of a sequence of short pulses with the width ≈ π/Ωa 0 with no high frequency filling. We note that the generation of ultrashort electromagnetic pulses observed in computer simulations of the relativistically strong electromagnetic wave interaction with an overdense plasma target in Ref. [15] has been explained by the authors within the framework of the ROM concept.
According to Eq. (4) the angle of light reflection θ r depends on the mirror velocity. The larger the mirror positive velocity the closer the reflected light propagation direction is to the mirror normal. For photons reflected in the mirror negative velocity phase, the propagation direction is close to the mirror surface. The photons with the upshifted frequency are localized in the region close to the mirror normal direction. The low frequency photons propagate at a grazing angle with respect to the mirror plane. Using expressions (32, 33, 34) we can find the instantaneous photon distribution in the (x, y) plane for the electromagnetic wave reflected by oscillating mirror which is shown in Fig.  4 . This can be considered as a lighthouse effect. The attosecond lighthouses from oscillating plasma mirrors have been demonstrated in Ref. [54] , where an isolated nonlinearly generated attosecond pulse train has been obtained by rotating the instantaneous wavefront direction of an intense few-cycle laser field. Here we show that the angle separation of high and low frequency photons can also occur due to the relativistic dependence of the reflection angle on the instantaneous velocity of the oscillating mirror.
B. Reflection Coefficient of Electromagnetic Radiation from a Thin Electron Layer
Here we discuss the reflection of electromagnetic waves from a thin electron layer. In order to calculate the coefficients of reflection, R, and transmission, T, we consider the interaction of electromagnetic waves with a strongly nonuniform electron distribution. The electrons reside in a layer with the density n, which determines the plasma frequency as a function of coordinate and time,
Performing the Lorentz transformation to a boosted frame reference moving with the velocity cβ M , we find that in this frame of reference, the wave equation describing the electromagnetic wave interaction with the plasma slab takes the form
where
Here ν e (ζ) = ω 2 pe /c 2 , and variables
are the square of the wave number, coordinate, time, incident wave number and frequency in the boosted frame of reference, respectively. The vector potential is normalized by m e c 2 /e, and its dependence on time t and coordinates ζ and y is
The reflection coefficient of electromagnetic radiation from a thin electron layer we find in a similar way as is done in the classical problem of scattering. Assuming that the layer is in the rest frame of reference, we take the distribution of the electron density in the form proportional to the Dirac delta function: n(ζ) = n 0 l 0 δ(ζ), where l 0 is the electron layer thickness.
In this case the function ν e (ζ) in Eq. (38) is ν e = g δ δ(ζ) with g δ = k 2 p l 0 and k p = ω pe /c. Integrating this equation over ζ in the interval −ε < ζ < ε and letting ε go to zero, we obtain the condition for the jump of the derivative da/dζ on the boundary ζ = 0:
The function a(ζ) is continuous in the point ζ = 0. The solution to Eq. (37), describing the wave reflection from a thin layer can be represented as
where ρ and τ are related to each other by the equations following from the boundary condition (41):
As a result the reflected wave amplitude is equal to
From this expression we obtain the reflection coefficient for the number of photons
For large values of the electron surface density, n 0 l 0 , i. e. for g 2 δ 4s 2 , the reflection coefficient is close to unity. In the opposite limit, we can neglect g 2 δ as compared with 4s 2 in the denominator of the right-hand side of the expression (46) and obtain
where the dimensionless parameter introduced in Ref. [55] ε e = n 0 l 0 λ 0 r e = 2πne 2 l m e ω 0 c
characterizes the relativistic transparency of a thin foil target. It is seen that the reflection coefficient is proportional to the square of the electron density in the surface layer, n 0 l 0 , i. e. the reflection is coherent. In the thin electron layer paradigm of a relativistic mirror, the effects of Coulomb explosion and transverse modulations caused by the electromagnetic pulse non-uniformity can deteriorate the property of the reflected radiation. As shown in Ref. [49] , sufficiently homogeneous laser pulses are required to form thin electron layers continuous in the transverse direction. When this condition is not fulfilled in the interaction of laser radiation with a thin foil, a cloud of ultrashort bunched electrons (a swarm of electron bunches) is formed, resulting in loss of coherency and broadening of the reflected pulse frequency spectrum. Contrary to that the relativistic flying mirror concept using the wake plasma wave (considered below) shows more stable and robust behavior.
C. Relativistic Transparency of a Thin Plasma Layer
The 1D electrodynamics model, where the role of a point charge is played by an infinitely thin foil [55] [56] [57] , has been extensively used in studying the problem of relativistic thin plasma layer transparency, particularly for the purposes of the laser pulse shaping [55] (see also the experimental paper [58] ), in high order harmonics generation [59] [60] [61] , in laser ion acceleration [61] , in the analysis of the radiation friction effects [62] and in the generation of coherent extremely high intensity x-ray pulses by relativistic mirrors [3, 47] .
Using the results of Refs. [55, 56, 61] , we consider the case of normal incidence of a plane electromagnetic wave on an infinitely thin foil. The foil is located in the plane x = 0. The interaction of the wave with the foil is described by Maxwell's equations for the vector potential A(x, t) which yield
The term on the r.h.s. describes the electric current in the foil and the delta-function represents its sharp localization. The solution to the initial problem for Eq. (49) yields
where A 0 (x, t) is a known function describing the incident electromagnetic wave. Assuming x = 0 on both sides of Eq. (50) and taking the derivative with respect to time, we obtain
In this way a nonlinear boundary problem for a system of partial differential equations is reduced to the ordinary differential equation for the field inside the foil, A(0, t).
In the case of the circularly polarized electromagnetic wave, it is convenient to write the longitudinal and transverse components of electron momentum, p x and p y e y + p z e z , as a combination of vectors, having components rotating with angular frequency ω,
where p 2 and p 3 are the components parallel and perpendicular to the electric field. Taking into account the generalized electron momentum conservation, p − eA/c =constant, and the relationship between the electric current and the electron velocity, J = −en e lv = −en e lcp/(m e c 2 + p 2 ) 1/2 , where n e and l are the electron density and the foil thickness, respectively, we find that the 1D equation (51) for the stationary motion of a thin foil interacting with a rotating electric field can be written in the form
where γ e = 1 + p 2 2 + p 2 3 and the parameter ε e is defined by Eq. (48) . Solving this system of algebraic equations we obtain
In the limit of a relatively weak electromagnetic field when 1 a ε e expressions (55) and (56) 
In the opposite limit for 1 ε −1/3 e a the asymptotics are
As we can see, in the range of parameters, which corresponds to a relatively low electromagnetic field amplitude a ε e , the component of the electron momentum p 3 parallel to the electric field is much larger than the perpendicular component p 2 . In the limit of a strong electric field a ε e we have p 2 p 3 , that is, the electron momentum is almost perpendicular to the instantaneous direction of the electric field.
Using obtained expressions (55) and (56) and equation (50) we can find the amplitudes of the reflected and transmitted waves. If the incident wave has moderate intensity, a ε e , amplitudes of the reflected and transmitted waves are a r = aε e 1 + ε 2 e and a t = a 1 + ε 2 e .
We see that for ε e 1 the wave is reflected almost totally, while in the limit ε e 1 the electron layer is transparent. For ultrahigh intensity, a 1, if a ε e 1, the amplitude of the reflected wave equals ε e , while the change in the transmitted wave amplitude, a 2 − ε 2 e , is small. This regime can be explained by taking into account the fact that the electric current density in a plasma cannot exceed j lim = enc since the electron velocity is limited by the speed of light in vacuum.
We see that the condition for the foil to be transparent to the electromagnetic radiation in the limit of moderate intensity a 1 is ε e 1. It can be rewritten as ω ω pe (πl/λ p ), where λ p = 2πc/ω pe , which differs from the transparency condition for uniform plasmas by the factor πl/λ p .
For relativistically strong waves with a 1, a foil with ε e 1 is transparent if a ε e . This condition can be cast in the form
while the transparency condition for a uniform extended plasma irradiated by relativistically strong radiation can written as
The expressions for the reflected and transmitted waves have been obtained in the frame of reference, where the plasma layer is at rest. The parameters of the reflected and transmitted waves in the boosted frame of reference, i.e. the electric field amplitudes, E r , E t , and the frequencies, ω r , ω t , can be found using Lorentz transformations while taking into account the Lorentz invariance of the normalized amplitudes a r ∝ E r /ω r and a t ∝ E t /ω t .
IV. NONLINEAR PLASMA WAVES AS RELATIVISTIC MIRRORS
An approach to generate high frequency radiation based on the concept of the relativistic flying mirror utilizes a plasma shell traveling close to the speed of light and acting as a relativistic mirror. Reflected light undergoes double Doppler frequency up-shift, compression, intensification due to relativistic effects and focusing (if the plasma shell is curved).
Relativistic plasma oscillation waves can be generated in the plasma in various ways. When the laser radiation interacts with an inhomogeneous plasma, e.g. with the plasma corona formed at the front surface of a solid target, Langmuir oscillations are excited in the vicinity of the plasma critical density surface, which is also called the plasma resonance region. These Langmuir oscillations take the form of a localized wave packet whose group velocity is zero while its phase velocity is directed against the gradient of the plasma density [63, 64] . Sufficiently high amplitude oscillations eventually break producing thin dense electron layers, which can play a role of relativistic mirrors for the incident electromagnetic radiation. We note that thin electron layers are also formed during the so-called "vacuum heating" [65] at the plasma vacuum interface. Scattering of the electromagnetic wave at such thin electron layers have been associated in Ref. [13] (see Fig. 7 (d) therein) with high order harmonic generation (see also the recent work [66] ).
Another, one of the most widely used methods, involves the use of a relatively short high-intensity laser pulse with a length less than or of the order of the plasma wavelength whose normalized amplitude is large enough. Such a laser pulse, propagating in a collisionless plasma, excites the plasma waves in a wake behind it [67, 68] . Nonlinear wake waves can break forming thin dense electron layers (relativistic plasma mirrors) at the wave crest. Various schemes of the relativistic mirrors were described [2, 3, 32, 69] and experimentally demonstrated [4] [5] [6] proving a feasibility of the RFM concept.
A. Plasma Oscillations Excited in Near-Critical Inhomogeneous Plasma
Let us consider an electromagnetic wave obliquely incident on an inhomogeneous plasma forming an angle θ i with respect to the unperturbed plasma surface. Unperturbed electron density in the vicinity of the critical density surface (resonance surface) can be approximated by a linear function: n 0 (x) = n 0 (1 − x/L). Here L is the scale length of the plasma inhomogeneity. Due to the resonance condition we have n 0 = m e ω 2 0 /4πe 2 , i.e. the Langmuir frequency locally depends on the coordinate as ω pe (x) = ω 0 1 − x/L. In the vicinity of the plasma resonance surface, the field of the p-polarized wave with the electric field in the plane of incidence has a singularity [63] . At the singularity the electric field component parallel to the gradient of the plasma density is given by
where E d is the driver field related to the incident wave amplitude as
with the maximum φ(0.8) ≈ 1.2, and the dielectric constant
Here the parameter s = ν ef f /ω 0 with the effective decay rate ν ef f describes the effects of small dissipation, weak nonlinearity, dispersion, etc. [64] .
The maximum of the x-component of the electric field in the plasma resonance region is about E m = E d /s. The width of the plasma resonance region is equal to ∆x = sL.
For the sake of simplicity we consider here small amplitude plasma oscillations. For the analysis of nonlinear plasma oscillations in the resonance region see Refs. [64] and [13] . The motion of the electron fluid element in the x direction is described by the equationξ
where ξ x is the x-component of the electron displacement. From this equation, using expressions (64) and (66) we obtain for ξ x
The electron density modulations in the vicinity of the plasma resonance region given by Eqs. (68) and (70) for rE = 0.05, s = 0.3 and L = 1. a) ne vs x and t. b) Constant density contours in the (x, t) plane.
with r E = eE d sin θ i /m e ω 2 0 being the amplitude of the electron quiver motion. As we see Eq. (68) describes the localized Langmuir wave packet of width ∆x = sL with the plasma oscillations inside having the form of a wave propagating against the density gradient with the phase velocity equal to
This causes the electron density modulations. Using the known dependence of the function ξ x on time and coordinate we can calculate the electron density. It is given by
According to Eqs. (68) and (70) the density modulations have the form of spikes appearing and disappearing in the plasma resonance region as shown in Fig. 5 . In other words, we have plasma mirrors periodically appearing and disappearing at the plasma critical surface. The electromagnetic wave reflection at such mirrors results in the generation of a train of ultra-short pulses as illustrated in Fig. 6 . Each pulse duration is about ∆T = g −1 (2π/ω 0 ). The frequency upshifting factor g = ω r /ω 0 according to Eq. (6) ph . Below we shall see that the electromagnetic wave reflection is maximal for the breaking plasma oscillations. At the wave breaking threshold the electron velocity equals the phase velocity of the wave, i.e. γ e = γ ph . In the case of plasma oscillations driven by the relativistically intense electromagnetic wave with the normalized amplitude a 0 the electron quiver energy Lorentz factor approximately equals γ e = a 0 . As a result we have for the frequency upshifting factor g ≈ 2a 2 0 . We note that the train of almost identical short pulses, produced via reflection off the periodically appearing and disappearing relativistic mirrors, has a spectrum consisting of high-order harmonics. The width of an individual harmonic is inversely proportional to the number of short pulses, which is determined by the duration of the incident electromagnetic wave and by the life-time of the plasma resonance region.
B. Nonlinear Wake Wave Excited by a Short Laser Pulse in Underdense Plasmas
Finite amplitude plasma oscillations excited in an underdense plasma by a short relativistically intense laser pulse can be described using the system of Maxwell's equations and the cold hydrodynamics equations for the electron component. The ions are assumed to be at rest. Assume for the sake of simplicity that the laser pulse is given, i. e. it propagates in a plasma with a constant speed v g without changing its shape. The plasma oscillations formed in a wake behind the laser pulse have the form of a wave in which all the functions depend on variables x and t in the combination ζ = x − v ph t, i. e. the wake wave propagates with the constant phase velocity v ph equal to the group velocity of the driver laser pulse, v g . The longitudinal component of the electron momentum obeys the nonlinear differential equation (e. g. see Ref. [70] )
Here a prime denotes differentiation with respect to the variable ζ. The electron relativistic Lorentz factor γ e depends on the longitudinal and transverse (with respect to the wave propagation direction) components of the electron momentum, p || and m e ca 0 as γ e = 1 + a 2 0 + (p || /m e c) 2 . Here it is taken into account that due to the homogeneity along the transverse direction of the configuration under consideration, the transverse component of electron momentum is proportional to the corresponding component of the normalized vector potential a 0 . Eq. (71) becomes singular when the denominator in the term on the right hand side vanishes. The singularity corresponds to the case when the electron velocity p || /m e γ e becomes equal to the wave phase velocity cβ ph , which means the wave-breaking. In a stationary wave the singularity occurs at the maximum of the electron velocity v m = p ||,m /m e γ e,m . We denote the wave-breaking coordinate as ζ m .
In order to find the structure of the singularity, we expand the electron momentum and Lorentz factor near the singularity at δζ = ζ − ζ m → 0, assuming smallness of δp || = p ||,m − p || , where
Here a m = a 0 (ζ m ) is the vector potential value at the wavebreaking point. Keeping the main terms on both sides of Eq. (71), we obtain
For the electron velocity we have
FIG. 7: Partial reflection of the electromagnetic wave incident on the moving density cusp [70, 72] .
This type of singularity in the catastrophe theory is called the "cusp catastrophe" [71] . In local coordinates it can be written as a mapping {x} → {y}:
Although in the vicinty of the singularity the electron density tends to infinity as
the singularity is integrable, i.e. the breaking plasma wave contains a finite number of particles.
C. Above-Barrier Reflection from Caustics Formed by Breaking Plasma Waves
The plasma wave at the wave breaking threshold can reflect a counter-propagating electromagnetic wave due to above-barrier reflection. Following the widely used terminology, we refer to the singularities in the electron density formed during the plasma wave breaking (singularities of Lagrangian mapping) as the caustics.
In order to calculate the reflection and transmission coefficients we represent electromagnetic wave in Eqs. (37) and (38) in the form (see Refs. [70, 72] )
where the phase integral W (ζ) is given by
The functions b + and b − are related to the amplitudes of the reflected and transmitted waves. In the limit ζ → −∞ the function b + equals the amplitude of the incident wave, which is assumed equal to unity, and b − (−∞) = ρ corresponds to the amplitude of the reflected wave. For ζ → +∞ the function b + equals the amplitude of the transmitted wave τ , and b − vanishes (see Fig. 7 ). Therefore
Since in the representation (75) , the single unknown function a(ζ) has been replaced by the two unknown functions b + and b − , an additional condition is necessary. We impose the condition
Eqs. (75) and (77) result in the system of equations which can be written as
with
Integrating both sides of Eq. (78) and using the above formulated boundary conditions for b + and b − , one can obtain the reflection coefficient ρ in the form of an infinite series [73] . In the case of weak reflection, |ρ| 1, which requires s 2 ν e (ζ), the reflected wave can be found within the framework of perturbation theory. This yields
As an important example of the calculation of the reflection coefficient, we consider a typical dependence of the electron density in the vicinity of the wavebreaking threshold in a cold plasma. This can be approximated by the expression [72] 
Here g 2/3 = (2/9)
m is the dimensionless coefficient and the parameter k p l shows how close the wave is to the wavebreaking limit, for which l = 0. Calculating the integral (80) for the integrand (81), we find
Here Γ(x) and K ν (x) are the Euler gamma function and the modified Bessel function, respectively. In the limit of relatively large l, when sl 1, the above-barrier reflection is exponentially weak,
In the opposite case, when sl → 0, we have a non-exponentially-small reflection [70, 72] 
This yields the reflection coefficient
V. COMPACT SOURCE OF HIGH-BRIGHTNESS X-RAYS BASED ON THE MECHANISM OF A RELATIVISTIC FLYING MIRROR
A. The relativistic flying mirror in the nonlinear wake waves
Within the framework of the RFM concept (see Refs. [2, 3] and Fig. 8 ) the relativistic mirrors are related to the thin layers of relativistic electrons generated in nonlinear plasma waves which are excited in the plasma by a short strong laser pulse. Surfaces of constant density in the wake of nonlinear waves have the form of paraboloids of revolution [75] [76] [77] [78] [79] . The counter-propagating laser pulse is partially reflected from these structures. This results in a frequency upshifting of the reflected pulse, its shortening in the longitudinal direction and focusing in the transverse direction, providing the intensification of reflected radiation, despite the fact that the reflection coefficient is relatively small (see results of PIC simulations [3] ).
The relativistic flying mirror with large enough reflection coefficient of the counter-propagating radiation, is formed in the process of the wake wave breaking. The phase velocity of the wake wave v ph equals the group velocity of the driver laser pulse v g = ∂ω/∂k, which, in accordance with the dispersion equation for the transverse (electromagnetic) waves, ω = k 2 c 2 + ω 2 pe , is given by formula v g = c 1 − (ω pe /ω) 2 . In a low density plasma, where the laser frequency is much higher than the Langmuir frequency ω ω pe , the group velocity of electromagnetic waves is close to the speed of light in vacuum. At the threshold of wave breaking the velocity of the electrons in the wake wave becomes comparable in magnitude with the wake wave phase velocity v ph , which is equivalent to the condition for the electron energy E e = m e c 2 γ e , where γ e is the Lorentz factor calculated for v e = v ph . The wave breaking occurs if [74] As a result of the plasma wave breaking a singularity in the distribution of electron density occurs, which breaks the geometrical optics approximation and increases the reflection coefficient. If there is no wave-breaking, the reflectivity is exponentially weak (see Eq. (83)).
In the model, when the singularity is approximated by a cusp, the reflection coefficient is given by the formula (85) . In terms of the number of photons, it depends on the density of the plasma as R 2/3 ≈ 1/γ 4 ph = (ω pe /ω) 4 = (n/n cr ) 2 in the limit γ ph 1. Taking into account the pulse compression in the transverse direction as a result of focusing by the parabolic mirror of the sourse pulse with the intensity I s , diameter D s , and wavelength λ s , we obtain for reflected wave intensity
The reflected wave energy and power equal to E r ≈ E s /γ 2 ph and P r ≈ P s , respectively. As an example, let's consider the parameters required to achieve the limit when the electron-positron pairs can be created from vacuum [19] , I r ≈ 2 × 10 27 W/cm 2 , for the electromagnetic wave reflected by a flying mirror. We assume that the source pulse has the power equal to 4 PW. For λ s = 1µm we obtain from Eq. (87) that γ ph = 60. The wake wave breaking condition (86) yields the driver laser pulse amplitude a d = 11, i.e. for the driver pulse intensity we have I d ≈ 1.5 × 10 20 W/cm 2 . Since the gamma factor γ ph associated with the wake wave phase velocity is equal to n cr a d /n e we find from (86) that the plasma density is ≈ 3.3 × 10 17 cm −3 . In order to excite the wake wave in the plasma with such density the laser pulse length should be equal to l las = λ d n cr a d /4n e , i.e. l las ≈ 30µm or the laser pulse duration of τ las ≈ 100fs. Assuming the laser pulse driver diameter to be of the order of l las we find the driver pulse power and energy requal to P las = 15PW and E las = 1.5kJ, respectively.
The use of spherical Langmuir waves as a relativistic mirror can enable a much higher intensification of the reflected radiation [69] . Owing to the spherical geometry, the reflected wave with a wavelength ≈ λ s /4γ 2 M is focused in the
M . This has important implementations for studying the feasibility of experiments on the photon-photon scattering in vacuum [80] .
VI. EXPERIMENTAL DEMONSTRATION OF A RELATIVISTIC FLYING MIRROR
The proof-of-principle experiments of the RFM concept have been done in Refs. [4, 5] . There the generation of soft X-rays with a narrow energy spectrum has been reported. In this experiment, two short laser pulses collided at an angle of 135 o in a supersonic gas jet. The laser used in this experiment generates pulses of radiation having a wavelength 820 nm, with the energy of 210 mJ, with duration of 76 fs, i. e. it has the power of 2.75 TW. The second pulse (the source pulse) is focused providing a spatial overlay with the first pulse-driver. The beam collision configuration is not head-on in order to avoid the laser damage by the radiation propagating in the opposite direction relative to the pulse driver. The driver pulse has the intensity of 5 × 10 17 W/cm 2 . The source pulse intensity equals ≈ 10 17 W/cm 2 . In this configuration the frequency of light reflected from the relativistic mirror should be increased by a factor ω r /ω s ≈ 3.4γ 2 ph . The plasma density in the target is approximately equal to 5 × 10 19 cm −3 . For this plasma density the wake wave gamma factor is γ ph = 6.5 and the theoretically predicted frequency upshifting factor is 140.
For the above written parameters of the laser radiation and the target plasma, the laser pulse driver excites the wake wave with a large enough amplitude exceeding the wave-breaking threshold. However, the excess over the wavebreaking threshold is not too great, and the regular wake wave structure is not destroyed. Evidence of this regime is the observation of quasi-mono-energetic spectra of electrons accelerated by the wake wave with ultrarelativistic energy of 20 MeV. Another indication of the nonlinear character of the wake is the detection of upshifted and downshifted maxima in the frequency spectrum of the laterally scattered radiation corresponding to the stimulated backward Raman scattering. In addition, an analysis of interferogram reveals the channel formation in the plasma density, which is also in accordance with the wake excitation by the laser pulse undergoing the relativistic self-focusing leading to redistribution of the electron density.
In the experiments [4, 5] , the detected frequency multiplication factor is in the range from 55 to 114, corresponding to a reflected radiation wavelength from 7 to 15 nm.
Further development of the theory of relativistic flying mirror and further experiments a higher power laser have allowed to demonstrate high-efficiency regimes [6] , which provides opportunities for developing highly efficient sources in the energy range corresponding to hard X-rays. In Ref. [6] , a high reflection reaching the theoretical prediction has been demonstrated using the laser with an energy of 0.5 J and a power of 15 TW. In contrast to previous experiments, special efforts enabled head-on collision of the beams, which secured a three orders of magnitude higher number of reflected photons in the spectral range corresponding to soft X-rays. To detect the reflected radiation the used spectrometer had a relatively large aperture for collecting a large enough number of photons. New techniques have been implemented to perform pulse collision at a predetermined place with high accuracy at the desired time.
The number of photons of hard electromagnetic radiation, registered in the experiment [6] allows us to conclude that the agreement with theoretical predictions for the reflection coefficient, defined by the formula (85) , is achieved.
In addition to the question on the relativistic mirror reflectivity it is of particular interest to determine whether the mirror has a high quality reflective surface, that is smooth enough. In the experiment presented in Ref. [6] the observed radiation in the wavelength range from 12 nm to 20 nm within the observation angles in the range from 9 o to 17 o has a sufficiently smooth spectral distribution. Since the frequency upshifting factor depends on the angle at which the reflected light propagates and on the local angle of reflection from the mirror surface, this shows that the radiation is reflected from a smooth surface having a curvature. This is also consistent with the predictions of the theory, which is important for further research aimed at demonstrating the sharp focusing of X-rays in order to reach the high limits of its intensity.
VII. EXTREMELY HIGH FIELD LIMITS
The purpose of further studies of the physical processes associated with relativistic mirrors is to design and build a compact source of hard electromagnetic radiation with a photon energy and intensity large enough to conduct experiments in previously inaccessible regimes of interaction of electromagnetic fields with matter. Here, we present the critical parameters that characterize the main regimes of laser-matter interaction, depending on the intensity of the electromagnetic wave (see also reviews [2, [7] [8] [9] [10] 24] ).
In the limit of extremely high wave intensity the radiation friction effects on the charged particle dynamics become dominant [81] [82] [83] [85] [86] [87] . At these limits the electron dynamics become dissipative with fast conversion of the elec-tromagnetic wave energy to hard electromagnetic radiation, which for typical laser parameters is in the gamma-ray range [88, 89] . For laser radiation with 1 µm wavelength the radiation friction force changes the scenario of the electromagnetic wave interaction with matter at the intensity of about I R ≈ 10 23 W/cm 2 . For the laser intensity close to I R also novel physics of abundant electron-positron pair creation comes into play [90] (see [91] and [24, 92] ). In this regime, the electron (positron) interaction with the electromagnetic field is principally determined by a counterplay between the radiation friction and quantum effects. The quantum electrodynamics (QED) effects weaken the electromagnetic emission by the relativistic electron resulting in the lowering of the radiation friction [93] . In an extremely high intensity electromagnetic field, vacuum shows various nonlinear quantum electrodynamics processes such as vacuum polarization, electron-positron pair plasma creation, and other properties depending on the electromagnetic field strength and distribution.
The probabilities of the processes involving extremely high intensity electromagnetic field interaction with electrons, positrons and photons are determined by several dimensionless parameters.
We consider the nonlinear electrodynamics of plasma in the limit of relativistic particle energies. As was mentioned above, the behavior of an electron in the field of an electromagnetic wave is determined by the dimensionless parameter a = eE/m e ωc, which is the normalized wave amplitude. This value is associated with a relativistic invariant, a = e A µ A µ m e c 2 .
If a > 1, the electron energy becomes relativistic, which corresponds to the wave intensity above ≈ 1.37 × 10 18 W/cm 2 . With further increase in the electromagnetic wave intensity, its interaction with a sufficiently dense plasma is characterized by radiation loss effects [81] [82] [83] . The energy loss rate by an electron rotating in the field of a circularly polarized wave is given byĖ (−) = rad m e c 2 ωa
Here the dimensionless parameter
characterizes the the radiation losses with λ = 2πc/ω and the classical electron radius equal to r e = e 2 /m e c 2 ≈ 2.8 × 10 −13 cm. The coefficient κ p for circularly polarized wave equals 3/8 and for linear polarization it is 1/8. Because the electromagnetic wave cannot transfer energy to the particle with a rate greater thaṅ
the condition of the balance between incoming and radiated energy per unit time,Ė (+) =Ė (−) yields the threshold value of the amplitude of the electromagnetic wave above which the influence of radiation losses cannot be ignored. In dimensionless form, this threshold amplitude of the wave is
For a circularly polarized wave this corresponds to the radiation intensity 
QED effects become important, when the energy of a photon generated by Thomson (Compton) scattering is of the order of the electron energy, i.e. ω m ≈ m e c 2 γ e . If γ e = a 0 this yields the quantum electrodynamics limit on the electromagnetic field amplitude, a 
is the normalized critical electric field of quantum electrodynamics [23] ,
with λ C = 2π /m e c = 2.42 × 10 −10 cm being the Compton wavelength. The electromagnetic radiation intensity (irradiance) corresponding to the wave amplitude of a S is I S = m 
The above obtained quantum electrodynamics limit, a 2 0 /a S > 1, corresponds to the condition χ e > 1, where the relativistic and gauge invariant parameter χ e ,
characterizes the probability of the gamma-photon emission by the electron with 4-momentum p ν in the field of the electromagnetic wave. The 4-tensor of the electromagnetic field is defined as F µν = ∂ µ A ν − ∂ ν A µ . The quantum electrodynamics limit is reached for the electromagnetic wave intensity of the order of 
The Lorentz invariant dimensionless parameter
determines the probability of the electron-positron pair creation by the photon with the energy ω γ in the electromagnetic field via the Breit-Wheeler process [94, 95] . Properties of the nonlinear quantum vacuum are determined by the Poincare invariants, F = (B 2 − E 2 )/2 and G = (E · B).
The probability of the electron-positron pair creation depends on
which are the electric and magnetic fields in the frame of reference where they are parallel. In the limit E/E S → 1 the electromagnetic waves can create electron-positron pairs from vacuum [21-23, 84, 98] , moreover, the electromagnetic waves can interact via photon-photon collisions [85] and vacuum polarization [96] . When the parameter χ e becomes large, the multiphoton Compton scattering results in the high energy photon generation. For χ γ > 1 the multiphoton Breit-Wheeler process results in electron-positron pair generation via the gamma-photon interaction with the strong electromagnetic field. The nonlinear Thomson scattering regime is realized for a 1 with the scattering cross-section depending on the electromagnetic field amplitude. If a 0 > a rad = ε −1/3 rad radiation friction effects play a key role.
The comparison of expressions given by Eqs. (93) and (98) shows that for the EM wave length equal to λ ≈ 0.8µm the intensities I R and I Q are of the same order of magnitude as has been noted in Refs. [11, 97, 99, 100] . More precisely, the curves I R (ω) and I Q (ω) intersect each other at the frequency equal to
corresponding to the wavelength of λ 1 = 0.821µm and the photon energy of the order of 1.5 eV. This implies that QED effects in laser matter interactions soon start to be revealed at near-future super-intense laser facilities [12] .
